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We give conditions under which the Galois group of the polynomial A’” + aX’+ b 
over the rational number field Q is isomorphic to the symmetric group S, of 
degree n. Using the result, we prove the Williams-Uchiyama conjecture concerning 
the irreducibility of the polynomial X + X + a module p. (1’) 1987 Academic Press. Inc. 
In his paper (2), Fujisaki gave an interesting example of a quadratic field 
with the class number 1 which has an unramified extension in the narrow 
sense with the alternating group A, of degree 5 as the Galois group. This is 
an typical example for our Theorem 1. Later Uchida (10) and Yamamoto 
(16) generalized the result of Fujisaki. They showed that the Galois group 
of a polynomial J?’ + aX+ h (a and h are rational integers) over Q is 
isomorphic to the symmetric group S, of degree n under the conditions: 
(1) n is a prime number, 
(2) a(n - 1) and nh are relatively prime, 
(3) x” + uX+ h is irreducible over Q. 
Further, let D be the discriminant of the polynomial X” + aX + h. Then 
the splitting field of X” + aX+ h over Q is an unramitied extension in the 
narrow sense of the quadratic field Q(fi) with the alternating group A,, of 
degree n as the Galois group. Ohta (5) also generalized these results under 
certain conditions. In this paper, we shall generalize the results of Uchida, 
Yamamoto, and Ohta to arbitrary n. In fact, we shall give some conditions 
under which the Galois group of a polynomial X” + aX’ + b is isomorphic 
to S,, (Theorem l-5). By Hilbert’s irreducibility Theorem (3) for any non- 
zero integer a, there exist infinitely many integers b such that the Galois 
group of x” + aX+ h over Q is isomorphic to S,. But, concrete deter- 
mination of such integers h is another problem. And we do this for some 
special cases. As a Corollary, we can show that the Galois group of 
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X” - X- 1 over Q is isomorphic to S, for any integer n > 2 (Corollary 3 of 
Theorem 1). As another consequence of our results, we also prove the 
Williams-Uchiyama conjecture concerning the irreducibility of the 
polynomial x” + X+ a modulo p. In this paper, “unramified” means that 
any finite prime is unramified. 
For a polynomialf(X) of degree n with coefficients in the ring of rational 
integers, we shall denote by K the splitting field off(x) over Q. The Galois 
group of K over Q is denoted by G. 
THEOREM 1. Let f (A’) = X” + aX’ + b be a polynomial of rational integral 
coefficients, that is, f(X) E Z[X]. Let a = a,/ and b = b;c”. Then the Galois 
group G is isomorphic to the symmetric group S, of degree n if the following 
conditions are satisfied: 
( 1) f(X) is irreducible ouer Q, 
(2) a,c(n - I) 1 and nb, are relatively prime, that is, 
(a,c(n - 1) 1, nb,) = 1. 
To prove Theorem 1, we need some lemmas. 
LEMMA 1. Let p be a prime number and p be a prime ideal in K satisfy- 
ing p 1 p. Zf f( X) E (X - c)’ h(X) (mod p) for some c E Z and a separable 
polynomial h(X) (mod p) such that h(c) & 0 (mod p), then the inertia group 
of p over Q is either trivial or a group generated by a transposition. 
Proof Since f(X) = (X- c)~ h(X) (mod p), Hensel’s lemma shows that 
f(X) = g(X) h(X) in the rational p-adic number field QP such that g(X) E 
(X- c)’ (mod p) and h(X) = E(X) (mod p). Let K, be the p-completion of 
K. K, is obtained from QP by adjoining the roots off(X). The roots of h(X) 
generate an unramified extension of QP. Hence, if K, is ramified over QP, 
then the inertia group of p over Q is a group generated by the trans- 
position of the roots of g(X). This completes the proof. 
LEMMA 2. Zf f (X) is irreducible over Q, then the Galois group G is trans- 
itive (see van der Wearden [ 13, Chap. 7, Sect. SO]). 
By D(f) we shall denote the discriminant of a polynomial f(X). 
Hence if f (X) = x” + aX’ + b, a = a,c”, b = bbc”, and (n, 1) = 1, then 
o(f) = (- f)n(“~‘)i2b~/~!)C”(“-1)DO(f) where D,(f) = n”br-/)/ + 
( - 1 )‘I ~ ‘I’( n - 1)” - ’ a;, p. 
LEMMA 3. Let p be a prime number and p be a prime ideal in K satisfy- 
ing p 1 p. Zf (a,c(n - 1) 1, nb,) = 1 and ~fp 1 D,(f ), then the inertia group of p 
over Q is either trivial or a group generated by a transposition, 
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ProoJ Since p ( Do(f ), p / a(n - 1) lb. So ,f’(X) E X’-- ‘(nX” --‘+ a,) 
(mod p) has no multiple root other than X= 0. Clearly, X= 0 is not a root 
of f(X) = 0 (modp). Hence every irreducible factors of f(X) have mul- 
tiplicity at most two. 
Let B be a multiple root off(X) (mod p) in an algebraic closure of Z/pZ. 
We get 
fl”-I= -al/n and p’= -b/(a + /I”-‘) = -nb/(a(n - 1)). 
Since (n - 1, 1) = 1, this shows that p E Z/pZ. If y is another multiple root of 
f(X) (modp), from (n-I,l)= 1 and (y//3)+‘=(y/p)‘= 1, we get /I=y. 
Hence f(X)= (X-/?)‘E(X) (modp) where g(X) (modp) is a separable 
polynomial such that E(p) f 0 (modp). It is now easy to see that Lemma 3 
is a consequence of Lemma 1. 
LEMMA 4. Let a = aOcn and b = bbc” (or b,,c” ) be rational integers. 
Further let (a,c(n - 1) 1, nb,) = 1. Iff(X) . IS irreducible over Q, then all the 
prime divisors of b (resp. c) are unramified in K (see Llorente, Nart, and Vila 
C61). 
LEMMA 5. Let G be a permutation group of the set f2 = { 1, 2,..., n} 
generated b-y transpositions. If’G is transitive on !2, then it is the symmetric 
grow S,, . 
Proof We shall show that G is doubly transitive. Let t = (i, j) be a 
transposition contained in G and k be any letter in Q. Since G is generated 
by transpositions and is transitive, there exists a series of transpositions 
connecting j and k. Hence there exist transpositions (j, i,) (iI, iI),..., 
(i,- , , i,), and (i,, k) all contained in the set of generators of G. Without 
loss of generality, we can assume that i, are mutually different 
(s = 1, 2,..., r). First, assume that i, are different from i too. Since G contains 
the element c = (j, il) (i, , i2). . (i,, k), G also contains rrtc ~ ’ = (i, k). Next, 
assume that i, = i for some t. Then G contains e = (i,, i,, 1) 
(i , + , , i, + *). . . (i,, k). Hence G contains cre ’ = (j, k) and also contains 
r(ara ‘) TC' = (i, k). So G is the symmetric group S,. 
LEMMA 6. Let f(X) be an irreducible polynomial in Z[X]. Zf the inertia 
group of any prime in K is either trivial or a group generated by a trans- 
position, then the Galois group G is isomorphic to S,. 
ProoJ Let H be the subgroup of G generated by all inertia groups. 
Minkowski’s theorem shows that there exists no unramitied extension of 
the field Q. Hence H is equal to the whole group G. Since f(X) is 
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irreducible over Q, G is transitive by Lemma 2. So the Galois group G is 
isomorphic to S, by Lemma 5. 
Proof of Theorem 1. Let p be any prime ideal in K. Since 
(a&n - I) 1, n&J = 1 and f(X) is irreducible over Q, p is unramified in K if 
p 1 b (Lemma 4). Also if P/D,,(~), then the inertia group of p over Q is 
either trivial or a group generated by a transposition (Lemma 3). Hence 
the Galois group G is isomorphic to S, (Lemma 6). This completes the 
proof. 
COROLLARY 1. K/Q(m) is unramified. 
Proof: The inertia group T of any prime in K is either trivial or a group 
generated by a transposition. Hence the intersection of the groups A, and 
T is trivial. So K/Q(m) is unramified. 
Putting I= 1 in Theorem 1, we get 
COROLLARY 2. Let f(X) = A'" + aX+ b be a polynomial in Z[X], where 
a = aOcn and b = bOcn for some integer c. Then the Galois group G is 
isomorphic to S, zf the following conditions are satisfied: 
(1) f(X) is irreducible ouer Q, 
(2) (a,c(n - 1 ), nb,) = 1. 
Besides K/Q(m) is unramified. 
We were informed by Nart that Corollary 2 was already proved in their 
paper [7] in 1979. 
LEMMA 7. The polynomial Y - X- 1 is irreducible over Q for all n > 2. 
The polynomial x” + X+ 1 is irreducible over Q for n & 2 (mod 3) (see 
Selmer [S] ). 
Hence, by Corollary 2 of Theorem 1 and Lemma 7, we get 
COROLLARY 3. The Galois group of X’ - X - 1 over Q is isomorphic to 
S, for all n > 2. 
Let p be a prime number and n > 2 a positive integer. We shall denote by 
a,(p) the least positive integral value of a which makes the polynomial 
X” + X+ a (modp) irreducible. Williams [15] conjectured that all n 2 2 
one has 
l\n+‘,“f a,(p) = 1. (1) 
The case of n = 2 and 3 was shown by himself. But, since the polynomial 
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x”+X+l has the factor X2+X+1 for n-2 (mod3), Uchiyama [11] 
modified the conjecture as follows (the Williams-Uchiyama conjecture): 
(1) for n=2 or n & 2 (mod3) 
lim inf a,(p) = 1, 
P - 7 
(2) for all even n > 2 such that n E 2 (mod 3) (*I 
lim inf a,(p) = 2, 
P + 1x1 
(3) for all odd n such that n E 2 (mod 3) 
lim inf a,,(p) = 3. 
P-r 
He showed that (*) is true for n = 4, 6, 9 and any odd prime. Moreover 
Mortimer, Williams, and others showed that (*) is true for n < 20 and for 
some other values of n. Now applying Corollary 2 of Theorem 1, we shall 
show that (*) is true for all n 3 2 (see Mortimer and Williams [4], Uchida 
[lo], and Uchiyama and Hitotumatu [12]). 
LEMMA 8. Let f(X) he a polynomial of degree n in Z[X]. If the Galois 
group of f(X) over Q contains a cycle of length n, then there exist infinitely 
many primes p for which f(X) (mod p) ‘. 1~ irreducible (This is a simple con- 
sequence of the Density Theorem. See cebotarev [ 1 ] or Takagi [9, 
Chap. 16, pp. 239-241 I). 
In order to prove the Williams-Uchiyama conjecture, we need the 
following lemma. We owe the proof to Dr. Funakura. 
LEMMA 9. Let f(X)=X”+a,X” -‘+ *.. +a,,+,X+p be a polynomial 
in Z[X], where p is a prime number. Then f(X) is irreducible over Q if one 
of the following conditions is satisfied: 
(1) 1+ Iall + I& + ... + la,,-,I <p, or 
(2) 1 + Ia,\ + )u2) + ... + Ju,~,J =p andf(X) has no roots of unity. 
Proof: If f  (X) is decomposable, then f(X) = g(X) h(X), where g(X) and 
h(X) are polynomials in Z[X]. Since p is a prime number, the constant 
term of g(X) (or h(X)) is equal to k 1. Hence g(X) (resp. h(X)) must have 
at least one root a whose absolute value is not greater than 1. Then, from 
f(a)=0 we get 
p= lc?+a,cP’+ .*. +a,-,1 d 1 + Iall + ... + la,-,l. 
This contradicts the condition. Thus the lemma is proved. 
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Proof of the Williams-Uchiyama Conjecture. By Corollary 2 of 
Theorem 1 and Lemma 7, the Galois group of x” + X+ 1 over Q is 
isomorphic to S, for n & 2 (mod 3). So we get (1) by Lemma 8. By 
Corollary 2 of Theorem 1 and Lemma 9, the Galois group of x” + X+ 2 
over Q is isomorphic to S, for all even n > 2 and the Galois group of 
x” + X+ 3 over Q is isomorphic to S, for all n 3 2. So we get (2) and (3) 
by Lemma 8. This completes the proof. 
We can also show the following Theorem 2. The proof is similar to that 
of Theorem 1. 
THEOREM 2. Let f(X) = x” + aX2 + b be a polynomial in Z[X], where 
a = a,? and b = bOc” for some integer c. Then the Galois group G is 
isomorphic to S, if the following conditions are satisfied: 
( 1) f(X) is irreducible ouer Q, 
(2) (aOc(n - 2) 2, nb,) = 1. 
Further K/Q(JD( f )) is unramified. 
EXAMPLE. Put f(X) = X5 + 2X2 + 1. Then f(X) (mod 5) is irreducible. 
Hence by Theorem 1 or by Theorem 2, the Galois group off(X) over Q is 
isomorphic to S,. K/Q(m) is unramified, where D(f)=6581. On the 
other hand, the class number of Q (J-6581) is equal to 1 and the norm of 
the fundamental unit of Q (,/%%) is equal to - 1 (see [ 141). So there is 
no abelian extension of Q (J6581) which is unramitied at all finite primes 
of Q (@) (for other examples, see [2, 5, 16, 171). 
Let k be a finite extension of Q and Ok be the ring of integers of k. 
Further let c1 be a primitive element of the ring Ok. By i(cr) we shall denote 
the index of the subring Z[U] of the ring 0,. Then, i(a) is called the index 
of a. 
LEMMA 10. Let a=a,c” and b = b,,c” be rational integers. Further let 
(a,c(n - I) 1, nb,) = 1. Let k = Q(E), w ere h CI is a root of an irreducible 
polynomial f (X) = X” + ax’ + b in Z[X]. Zf q 11 b, for some prime number q, 
then q 1 i(cr) (see Llorente, Nart, and Vila [6]). 
THEOREM 3. Let f(X) = x” + ax’ + b be a polynomial in Z[X], where 
a = aOcn and b = bOcn for some integer c. Let 1 ( > 3) be a prime number. 
Then the Galois group G is isomorphic to S, if the following conditions are 
satisfied: 
( 1) f(X) is irreducible ouer Q, 
(2) (aOc(n - 1) 1, nb,) = 1, 
WI 25 2-x 
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(3) IDo is not square, 
(4) q 11 h, for some prime number q, 
where D,(f) = n”bl; ~ / + ( - 1)” ’ l’(n - 1)” ’ a;(c”‘. 
Proof Let p be any prime ideal in K. If p 1 h,, then f(X) = A”( Y ’ + a) 
(mod 4). Since p j (n - I) a, the inertia group of p over Q is isomorphic to a 
subgroup of the symmetric group S, of degree 1. Let c( be a root off(X) and 
q be a prime number such that q 11 h,. By Lemma 10, we have q j i(a), where 
i(a) is the index of CL. Hence if p is a prime ideal in K satisfying p 1 q, the 
order of the inertia group T of p over Q is divisible by 1. Since 1 is a prime 
number, this means that T contains a cycle of length 1. If p 1 CD,(~), then by 
Lemmas 3 and 4, the inertia group of p over Q is either trivial or a group 
generated by a transposition. Since IDo is not square, there exists at 
least one inertia group generated by a transposition. Hence we can show in 
the same way as in the proof of Theorem 1 that the Galois group G is 
generated by transpositions. So the group G is isomorphic to S,, by 
Lemma 5. This completes the proof. 
Remark. In the case I= 3, we do not require the condition (4). 
In the same way as in the proof of Theorem 3, we can show the 
following, Theorems 4 and 5. 
THEOREM 4. Let ,f(X) = X” + aA”+ h he a polynomial in Z[X], where 
a = uOctl and h = hoc” for some integer c. Let I= 2p where p is a prime num- 
ber. Then the Galois group G is isomorphic to S,, t f  the ,followt’ng conditions 
are satisfied. 
(1) f(X) is irreducible over Q, 
(2) (a,c(n- 1) 1, nb,) = 1, 
(3) [Do( is not square, 
(4) q /I h, for some prime number q. 
Remark. In the case I= 4 and 6, we do not require the condition (4). 
THEOREM 5. Let f(X) =X’+aX’+ b be a polynomial in Z[X], where 
CZ=U,C" and b = bOcn for some integer c. Then the Galois group G is 
isomorphic to S, tf  the following conditions are satisfied: 
( 1) f(X) is irreducible ouer Q, 
(2) (a,c(n - I) 1, nh,) = 1, 
(3) [Do(f) is not square, 
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(4) q 116, for some prime number q, 
(5) there exists some prime number p such that p 1 I and p > k, for any 
positive integer k such that k ) n and l/2 > k. 
LEMMA 11. If a manic polynomial f (A’) is irreducible over Q and if D( f) 
is square jiiee, then the inertia group of any prime in K is either trivial or a 
group generated by a transposition (see Yamamura [ 171). 
Hence, by Lemmas 6 and 11, we get 
THEOREM 6. If a manic polwomial f(X) is irreducible over Q and if 
D(f) is square ,free, then the Galois group G is isomorphic to S, and 
K/Q(m) is unram$ed. 
EXAMPLE. Put f(X) = X5 + 2X4-X3 + 1. Then f(X) (mod 2) is 
irreducible and D(,f) = 28401 = 3 .9467 is square free. Hence by Theorem 6, 
the Galois group of ,f(X) over Q is isomorphic to S, and K/Q (,/%) 
is unramilied. It is known that the class number of Q (,lT8401) is equal to 
1 (see [14]). 
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